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Abstract
We investigate the quantum–classical correspondence of vortex creep within the framework of
quantum ladder lattice with artificial gauge. By introducing operators to characterize microscopic
vortices in the bosonic flux ladder, we focus on quantum walks initiated from states with one, two
and four particles localized at the central sites of the ladder. In the single-particle systems, we
observe an asymmetric spreading of vortices stemming from the specific construction of the initial
states and the gauge choice. In the two- and four-particle systems, comparisons across different
conditions reveal that the individual application of flux and interactions slows down particle
propagation due to pairing and vortex formation. Notably, when both flux and interaction are
present concurrently, our results demonstrate that the mean square displacement (MSD) of the
vortices grows significantly slower than the typical MSD∼ t2 for quantum walk, instead
approaching the characteristic behavior of classical walk MSD∼ t. This indicates that the observed
spreading process is consistent with the classical walk of vortices formed by circulating particles,
i.e. vortex creep in superconductors.

1. Introduction

At sufficiently high magnetic fields, vortices emerge inside the type-II superconductors due to the
penetration of magnetic flux composed of circulating supercurrents [1]. These vortices are often regarded as
macroscopic structures in the study of superconductors [2], and their dynamics have attracted significant
attention due to their fundamental importance and practical applications [3]. In the profoundly influential
classical vortex creep models, these vortices are set in motion by current-induced forces and thermal energy,
constituting a major source of dissipation in superconductors [4]. Researchers have also made substantial
progress in extending the quantum description of vortex creep and developed the quantum collective creep
theory within the framework of macroscopic quantum tunneling (MQT) [5–7], despite facing certain
challenges. Currently, there exists a wealth of research exploring the behavior of vortices in superconducting
materials, yet the understanding remains limited due to the complexity of vortex systems [2, 8–10].

Simulating vortex creep with quantum dynamics on lattice models presents an innovative and intriguing
avenue of research, providing valuable insights into the behavior of vortices in superconductors. The bosonic
flux-ladder model offers a promising platform supported by advanced experimental realizations in various
systems [11–16] and sophisticated theoretical methods [17–28]. The two-leg bosonic flux ladder hosts a
variety of emergent quantum phases under the influence of on-site interactions and magnetic fields [17–21,
28–35]. Notably, it exhibits the Meissner and vortex phases which are reminiscent of those in type-II
superconductors [17, 20, 22]. The Meissner phase is characterized by a finite, uniform chiral leg current
circulating the ladder, while the rung current vanishes. In the vortex phase, rung currents develop on the
inner rungs, forming vortices that suppress the chiral current.
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Recent studies have explored the quantum dynamics of interacting bosons on flux ladders [11–16, 27, 28,
36–38]. Particularly, the analysis of reentrant dynamics in the quantum walk of interacting bosons [37] have
suggested that the vortices in the ladder have an impact on these processes. However, the motion of vortices
in this context has received less attention, and the analysis from the vortex perspective remains a challenging
aspect to explore. The difficulties arise from two aspects. On one hand, the effects of interactions and flux
have already resulted in rich and complex dynamics in the two-particle systems, including chiral dynamics
[13, 36], reentrant behaviors [37, 38], and various forms of particle pairings [39–42]. On the other hand, the
motion of vortices in the flux ladder remains difficult to identify and quantify [20, 21, 31, 32], with the
potential complexity arising from possible vortex-vortex interactions.

The quantum walk of interacting particles can differ significantly due to their sensitivity to particle
statistics [40–44], external gauge fields [13, 36–38, 45–47], inter-particle interactions [42, 43], disorder [48,
49], and topology in lattice systems [50, 51]. Notably, the dynamics of two-particle states influenced by
uniform flux, on-site interaction strength, and rung-to-leg hopping ratio have been systematically studied in
references [37–39], focusing primarily on radial and chiral particle motion. Additionally, The choice of initial
states plays a crucial role [13, 36–38]. When considering on-site interaction, two bosons initially located at
the same site or adjacent sites on the same leg can form an on-site bound pair [40–42], leading to slower
dynamics. Alternatively, two bosons initially located on adjacent sites of the same rung can form a
rung-localized pair [39].

In this work, we focus on the propagation of vortices during the quantum walk on the interacting
flux-ladder model [13, 36–38]. Our study is motivated by the exploration of vortex dynamics in quantum
flux ladder systems, aiming to provide novel insights into the quantum-to-classical transition in vortex
behavior. We introduce new dimeric operators and the vortex angular momentum to characterize the
vortices. Key determinants of the systems include the construction of initial states, on-site interactions, and
uniform magnetic flux. The interaction-induced pairing and the formation of vortices both contribute to
particle localization. Meanwhile, the motion of these vortices, driven by particle hopping, competes with the
localization effects. This interplay can lead to a transition in vortex behavior from quantum to classical,
analogous to the vortex creep phenomenon. This transition is similar to the quantum-to-classical transition
observed in charge transport in organic semiconductors [52–54], where dynamic disorder induces
localization.

Specifically, we calculate the time evolution of the operators in the quantum walk across different system
configurations. Starting from single-particle localized states, we study the impact of the gauge choice and
initial state construction on single-particle dynamics, which leads to asymmetry spreading. Subsequently, we
extend our research to two-particle systems and four-particle systems to investigate the vortex propagation
under the influence of both uniform magnetic fields and on-site interaction. The particle pairing induced by
interaction and the formation of vortices induced by flux significantly coexist and facilitate with each other
and remarkably influence the dynamics. By comparing the results across different conditions, we analyze the
individual and combined effects of the uniform magnetic fields and interaction. Both the magnetic field and
interaction suppress the particle spreading, and when combined, they induce a transition from quantum
ballistic behavior to classical diffusion behavior, as indicated by the mean square displacement (MSD),
illustrating vortex creep.

This paper is organized as follows. In section 2, we briefly introduce the model in two different gauge
conventions as well as some key observables. In section 3, we provide the main results of one-, two- and
four-particle systems. Section 4 presents the summary of our work.

2. Model

2.1. Hamiltonian
The Hamiltonian of a paradigmatic two-leg flux-ladder model [17] (see figure 1) is given by

H0 =−J
R−1∑
r=1

2∑
ℓ=1

(
c†ℓ,r+1cℓ,r +H.c.

)
− J⊥

R∑
r=1

(
e−i rϕc†1,rc2,r +H.c.

)
, (1)

HU =
U

2

R∑
r=1

2∑
ℓ=1

nℓ,r (nℓ,r − 1) , (2)

where total Hamiltonian is H=H0 +HU, describing a ladder with R rungs. Herein, J and J⊥ are the hoping
amplitude along the legs (labeled by ℓ= 1,2), and the rungs (labeled by r= 1,2, . . . ,R) of the ladder. The
local operator c†ℓ,r(cℓ,r) creates (annihilates) a boson on the site (ℓ, r) and nℓ,r = c†ℓ,rcℓ,r is the corresponding
particle number operator. The flux introduces Peierls phase factors in the hopping terms, giving the wave
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Figure 1. Schematic representations of the two-leg flux-ladder model. The ladder consists of two legs (ℓ= 1,2) connected by
rungs (r= 1,2, . . . ,R), with a uniform flux ϕ per plaquette. The schematic illustrates two gauge choices: equation (1) (rung
gauge) and equation (4) (leg gauge), which are related through a unitary transformation. The hopping amplitudes along the legs
and the rungs are denoted by J and J⊥, respectively, and U represents the on-site repulsive interaction between particles.

function a phase e±iϕ when a particle encircles a plaquette, with the sign determined by the circulation
direction. U is the on-site repulsive interaction that influences both quantum walk dynamics and ground
state properties. Throughout this work, we set lattice constant a= 1, h̄= 1. In order to be easy to identify the
propagating vortex, we consider the Hamiltonian H=H0 +HU with ϕ = 0.7π, J= 1, J⊥ = 2, U = 2, R= 60,
with which the ground state is in the vortex-liquid superfluids (V-SF) phase [21] hosting delocalized vortices
(see the next subsection for more details of the ground states).

It is worth noting that, the model possesses a gauge freedom such that one can choose different Peierls
phase factors as long as the total flux of a single ladder plaquette remains invariant. The chosen gauge
described by Hamiltonian equation (1) is the so-called rung gauge [21] in which the hopping matrix
elements on the legs are real and on the rungs are complex. By a unitary transformation

ar = e−i rϕ2 c1,r, br = ei r
ϕ
2 c2,r, (3)

one can make the hopping matrix elements on the legs complex and on the rungs real which is the so-called
leg gauge [21]. The Hamiltonian H0 is then rewritten as

Hleg =−J
R−1∑
r=1

2∑
ℓ=1

(
ei

ϕ
2 a†r+1ar + e−i ϕ2 b†r+1br +H.c.

)
− J⊥

R∑
r=1

(
a†r br +H.c.

)
. (4)

The choice of gauge determines the distribution of the complex phases along the ladder legs or rungs.
Researchers select the appropriate gauge based on the experimental schemes used to realize artificial gauge
fields in quantum-engineered systems. Different setups may require different gauge choices, depending on
how the effective Peierls phases are implemented [11–13, 15, 16]. The quasi-momentum distributions also
depend on the gauge, reflecting characteristics specific to certain ground-state phases of the flux-ladder
Hamiltonian [21, 22]. In studies involving quantum quench dynamics and quantum walks starting from
localized states, the gauge choice plays a crucial role. The phase factor between the leg gauge and rung gauge
operators, as shown in equation (3), introduces phase differences in the localized states constructed by local
creation operators. These phase differences result in distinct dynamical behaviors under different gauge
choices, which will be discussed in section 3.1.

The single-particle Hamiltonian is more easily diagonalized in the leg gauge [13, 19, 22, 23, 36]. In the
momentum space, the single-body Hamiltonian Hleg takes the form:

Hleg =
∑
k

(
a†k b†k

)
H (k)

(
ak
bk

)
, (5)

H (k) =−2Jcoskcos
ϕ

2
− 2J sink sin

ϕ

2
σz − J⊥σx, (6)

3
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where the momentum operators are introduced through the Fourier transformation of the local operator
along the legs, ak =

1√
R

∑
r e

ikrar and bk =
1√
R

∑
r e

ikrbr, with quasimomenta k= 2πm/R, wherem is an

integer and R is the number of ladder rungs; σz and σx are Pauli matrices. The Hamiltonian is easily

diagonalized through

(
αk

βk

)
=

(
cos θk

2 sin θk
2

− sin θk
2 cos θk

2

)(
ak
bk

)
, with tanθk =

J⊥/J

2 sink sin ϕ
2

, which leads the

Hamiltonian to take the form Hleg =
∑

kE+(k)α
†
kαk + E−(k)β

†
kβk, where E±(k) =−2Jcosk

cos ϕ
2 ±

√
4J2 sin2 k sin2 ϕ

2 + J2⊥ describing the two bands [13, 19, 22, 23, 36]. The band structure for the

parameters used in our quantum walk simulations (ϕ = 0.7π, J= 1, J⊥ = 2, R= 60) is shown in figure 4(c).
A comprehensive overview of the non-interacting system can be found in references [19, 22, 23], while
discussions related to quantum walk dynamics, including those relevant to our work, can be found in
references [13, 36].

2.2. Observables
The local currents are the key (experimental measurable ) observables for characterizing various phases in
the flux ladder [21]. In the Heisenberg equation of motion for the local particle number, we take the

expectation value on both sides to obtain ⟨ dnℓ,rdt ⟩= i⟨[H,nℓ,r]⟩. The changing rate of the local particle
number nℓ,r is determined by the currents flowing out from site (ℓ, r) to its neighboring sites. This gives the

relation ⟨ dnℓ,rdt ⟩= ⟨j∥ℓ,r⟩− ⟨j∥ℓ,r−1⟩± ⟨j⊥r ⟩, which allows us to compute current operators using the
commutator [H,nℓ,r]. Specifically, for the model described by equation (1), we define the local current
operator on the legs as

j∥ℓ,r = i J
(
c†ℓ,r+1cℓ,r − c†ℓ,rcℓ,r+1

)
, (7)

and the current operator on the rung as

j⊥r = i J⊥
(
e−i rϕc†1,rc2,r − ei rϕc†2,rc1,r

)
. (8)

Another important observable is the chiral current (also dubbed edge, screening or Meissner current)
defined as

jc =
1

R− 1

R−1∑
r=1

⟨j∥1,r − j∥2,r⟩, (9)

characterizing the average current circulating the ladder along the legs.
The flux-ladder model hosts a variety of emergent quantum phases (see reference [21, 28] for

comprehensive analyses), including the Meissner phase, vortex-liquid phase, vortex-lattice phase, and others.
In the Meissner phase, rung currents vanish but a finite chiral current is present. In the vortex phases, rung
currents emerge, and various vortex configurations can occur. The vortex-lattice phase consists of regular
structures of localized vortices, whereas the vortex-liquid phase does not exhibit pinned vortices and displays
irregular leg-current patterns. These three phases can exit on top of superfluid and Mott insulator,
distinguished by the central charge and entanglement entropy.

Researchers typically identify vortices by examining local current configurations due to the difficulty of
quantitative characterization [20, 21, 31, 32]. The complexity arises because the local leg currents are
influenced by both the propagation of vortices and the circulation currents of these vortices, making it
difficult to distinguish the vortices. Meanwhile, the local particle number can also fingerprint the vortices
during spreading. To this end, we construct an operator to characterize a vortex by concurrently considering

the local currents (both ⟨j⊥r ⟩ and ⟨j
∥
ℓ,r⟩) and particle density (⟨nℓ,r⟩) at the associated sites. While vortices may

expand across multiple unit cells in more complex cases [31], we focus on the minimal configuration where
the vortex resides within a single unit cell (plaquette) of four sites, which represents the smallest and
irreducible structure. Subsequently, in analogy with classical angular momentum, a semiclassical vortex
angular momentum is defined as

L(r) =
1

2
⟨n1,r + n2,r⟩⟨j⊥r ⟩−

1

2
⟨n1,r+1 + n2,r+1⟩⟨j⊥r+1⟩+

1

2
⟨n2,r + n2,r+1⟩⟨j∥2,r⟩−

1

2
⟨n1,r + n1,r+1⟩⟨j∥1,r⟩ (10)

to identify a vortex by neglecting correlated quantum fluctuations.
Two-particle operators are commonly employed to analyze particle correlations in studies of two-particle

quantum walks in interacting systems [40–44]. The rung current correlator ⟨j⊥r1 j⊥r2⟩ has been used to reveal
important properties of the vortex phases [35]. For our aim, it is crucial to account for correlations between

4
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particles and local currents within the vortex. We thus construct two two-particle hopping correlation
operators across four lattice sites within the vortex by defining two dimeric correlators as

DC1 (r) = |⟨c1,rc†2,rc1,r+1c
†
2,r+1⟩+ ⟨c†1,rc2,rc

†
1,r+1c2,r+1⟩| (11)

and

DC2 (r) = |⟨c†1,rc
†
2,rc1,r+1c2,r+1⟩+ ⟨c1,rc2,rc†1,r+1c

†
2,r+1⟩|, (12)

representing correlations between pairs of neighboring dimers on the rungs and legs, respectively. They
capture the correlations of hopping along these legs or rungs within a vortex, which are related to the current
correlators.

To measure the delocalization, we calculated the participation ratio (PR). For each leg of the ladder, the
PR is defined as PRℓ(t) =

∑
r |⟨ψ(t)|nℓ,r|ψ(t)⟩|2, where ℓ= 1,2 denotes the two legs. The total PR is given by

the sum of PRs from the two legs PRtot(t) = PR1(t)+PR2(t). Maximal localization occurs when all the
particles occupy the same site, yielding PRtot(t) = N2, where N is the total particle number. Conversely, in
the fully delocalized case where particles are equally distributed across all sites, the total PR becomes
PRtot(t) = N2/2R, where R is the total number of rungs in the ladder. In addition to the PR, we compute the
inverse PR (IPR), given by IPR(t) = 1/

∑
r |⟨ψ(t)|

nr
N |ψ(t)⟩|

2, where nr = ⟨n1,r + n2,r⟩ is the particle density on
each rung. Maximal localization occurs when IPR(t) = 1, while PR(t) = R represents maximally
delocalization.

Furthermore, to capture the spatial dynamics of particle propagation, we also consider the MSD, defined
as MSD(t) =

∑
ℓ,r(r− r0)2Pℓ,r(t), where r0 is the central site and Pℓ,r(t) is the probability of the

corresponding quantity localized at site (ℓ,r) at time t. The typical MSD for the classical diffusion is
MSD= 2Jt (take the diffusion coefficient D= 1 which is of the same order as J) while for a 1D single-particle
quantum walk, it follows MSD= 2(Jt)2 [55].

3. Results

In this section, we present and analyze the quantum walks initiated from states with one, two ,and four
particles localized at the central sites of the ladder. The time evolution of the quantum states under the
Hamiltonian is simulated by a time-evolving block decimation (TEBD) method [56–60]. We set fixed
discarded weight cutoff = 10−8 and time-step δ= 0.1. We start with the single-particle systems, studying the
impact of choice of gauge and initial state on dynamics. Then, in two-particle systems, we discuss vortex
propagation under uniform magnetic fields and on-site interaction with two different initial states. Third, we
extend our research to four-particle systems, where the different types of pairing can coexist and the paired
particles can interact with other particles. We provide detailed analysis by comparing the results across
different conditions.

3.1. Single-particle quantumwalks
First, we investigate the impact of the gauge choice and initial state construction on single-particle systems.
The dynamics in quantum walks depend crucially on the initial states. We observe that the quantum walk of
rung-localized single-particle initial states exhibits chiral dynamics, where the local particle propagating to
the right is predominantly concentrated on one leg while to the left is concentrated on the other leg. For
instance, the initial state |ψ(0)⟩1C = 1√

2
(a†30 ± b†30)|0⟩ describes a single-particle state initially localized on the

central rung at r= 30 in a ladder system of length R= 60. The number in the subscript of the state specifies
the number of particles, distinguishing between single-, two-, and four-particle states. The subscript C
indicates chiral dynamics, which have been investigated through theoretical simulations and experimental
platforms [13, 36]. Instead of the rung-localized states, we consider leg-localized states. These states are
superpositions of two single-particle states localized at adjacent sites in the center of the upper leg (ℓ= 2) at
r= 30 and r= 31, respectively. They are defined as |ψ(0)⟩1S = 1√

2
(c†2,30 + c†2,31)|0⟩ and

|ψ(0)⟩1A = 1√
2
(c†2,30 − c†2,31)|0⟩. Here, the subscripts S and A indicate symmetric and antisymmetric

superpositions, respectively.
It is worth noting that the initial states throughout this work (including the single-particle initial states

|ψ(0)⟩1S, |ψ(0)⟩1A, and the two- or four-particle initial states discussed in the following subsections) are
defined using the rung gauge operator c†ℓ,l. This contrasts with the leg gauge operators a†r and b†r in |ψ(0)⟩1C
which are generally chosen in the studies focusing on the chirality [13, 36]. These alternative initial states
offer a distinct perspective on quantum walk dynamics.

Figure 2 shows the evolution of the leg current ⟨j∥ℓ,r⟩ (left panel) and the local particle density ⟨nℓ,r⟩ (right
panel). The result explicitly shows that the chirality in the dynamics disappears for both initial states |ψ(0)⟩1S
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Figure 2. Time evolution of the local leg current ⟨j∥ℓ,r⟩ (left panel) and the local particle density ⟨nℓ,r⟩ (right panel) for the initial

states: (a) and (b) |ψ(0)⟩1S = 1√
2

(
c†2,30 + c†2,31

)
|0⟩; (c) and (d) |ψ(0)⟩1A = 1√

2

(
c†2,30 − c†2,31

)
|0⟩.

and |ψ(0)⟩1A. Particularly, the spreading of currents and particles is biased toward the same directions,
resulting in asymmetry. The initial state determines the direction of bias in spreading: rightward for |ψ(0)⟩1S
and leftward for |ψ(0)⟩1A. For the lower leg (ℓ= 1) ((a2), (b2), (c2), or (d2) in figure 2), the propagations of
local currents and particle density are predominantly restricted towards one-half of the ladder, resulting in
their almost complete absence in the other half. Meanwhile, for the upper leg (ℓ= 2) ((a1), (b1), (c1), or
(d1) in figure 2), the majority of propagation is also towards the same half as their corresponding lower legs.
However, a small component propagates to the other side.

Figure 3(a) illustrates a typical local current configuration during the quantum walk with initial state
|ψ(0)⟩1S. The complexity arises because the local leg currents are influenced by both the group velocity of
particles in propagating vortices and the circulation currents of these vortices. Consequently, the local
current configurations are often messy and complicated during time evolution, making it difficult to
distinguish the vortices. In figure 3(a), localized vortices near the central sites of the ladder (around r= 30)
are easily identified, while the vortices on the right are less evident, even with a reversed lower leg current.
Under these circumstances, employing operators for quantitative description becomes both efficient and
essential. Figure 3(b) displays the time evolution of L for the initial state |ψ(0)⟩1S. There are two branches of
vortices: one is localized and the other propagates to the right. In the left half of the ladder, the propagating
particle mostly populates the upper leg (ℓ= 2) (figure 2(b)), similar to the chiral spreading case [13, 36]. As a
result, the lower leg currents and the rung currents vanish (figure 2(a2)), leaving only the upper leg currents

6
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Figure 3. Quantum walk with the single-particle initial state |ψ(0)⟩1S = 1√
2
(c†2,30 + c†2,31)|0⟩. (a) Sketch of a typical local current

configuration during the quantum walk. Blue and red arrows label local currents with opposite directions and the length of the
arrows indicates the magnitude of currents. Time evolution of (b) vortex angular momentum L and (c) particle density on each
rung nr = ⟨n1,r + n2,r⟩. (d) Snapshots of local particle density profile

⟨
nℓ,r

⟩
from tJ= 5 to tJ= 12.5. Each pair of adjacent rows

represents the particle density distribution on the two legs at a specific time. Different time steps are separated by an empty row
for clarity.

(figure 2(a1)), which cannot form vortices. Figures 3(c) and (d) shows the time evolution of particle density
profile, clearly demonstrating the exotic asymmetric spreading which deviates from a typical quantum walk.

We further investigate the time evolution of quasi-momentum distributions along the legs

nℓ (k) =
1

R

∑
r,r ′

eik(r
′−r)⟨c†ℓ,rcℓ,r ′⟩, (13)

which are measurable in time-of-flight experiments [12, 61]. Using equation (3) one can relate the
quasi-momentum distributions in two different gauges via linear phase shifts

n1 (k) = na (k−ϕ/2) , n2 (k) = nb (k+ϕ/2) , (14)

where na(k) and nb(k) are quasi-momentum distributions in the leg gauge. As noted above, the initial states
|ψ(0)⟩1S = 1√

2
(c†2,30 + c†2,31)|0⟩ and |ψ(0)⟩1A = 1√

2
(c†2,30 − c†2,31)|0⟩ are given by means of the rung gauge

operator c†ℓ,l. While the leg gauge operators a†r and b†r in |ψ(0)⟩1C = 1√
2
(a†30 ± b†30)|0⟩ are generally chosen in

the studies focusing on the chirality [13, 36], the Hamiltonian can be easily diagonalized in the momentum
space of leg gauge [19, 22–24]. For instance, with regard to initial states 1√

2
(a†30 ± b†30)|0⟩, particles only

populate either the upper or the lower band displayed in figure 4(c). This implies particles on the two legs
have opposite quasi-momenta k, resulting in chiral behaviors. However, for |ψ(0)⟩1S = 1√

2
(c†2,30 + c†2,31)|0⟩,

both the momentum distributions n1(k) and n2(k) in figure 4 are asymmetric with respect to the k= 0 axis as
they are shifted according to equation (14). Specifically, n1(k) is predominantly concentrated on the k< 0
side, while n2(k) is concentrated in the range−0.5π < k< 0.5π, showing a weaker preference towards k< 0.
In essence, the key factors leading to the exotic asymmetric spreading is the particular construction of
superposition states |ψ(0)⟩1S and |ψ(0)⟩1A, along with the choice of the rung gauge.

3.2. Two-particle quantumwalks
In this section, we study the quantum walks with flux and on-site interaction in the two-particle systems.
Similar to the single-particle initial states, we consider the initial states with two particles localized on the
adjacent sites. In particular, the particles localized at the central rung |ψ(0)⟩2R = c†1,30c

†
2,30|0⟩ or at the center

7
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Figure 4. (a) and (b) Time evolution of momentum distribution (a) n1(k) and (b) n2(k) for the single-particle initial states

|ψ(0)⟩1S = 1√
2
(c†2,30 + c†2,31)|0⟩. (c) Energy bands of equation (5) with ϕ = 0.7π, J= 1, J⊥ = 2, U= 2, R= 60. The color

represents the value of ⟨σz⟩, where spin-up and spin-down correspond to the occupation on upper leg (ℓ= 2) and lower leg
(ℓ= 1), respectively.

Figure 5. Quantum walks with two-particle initial states |ψ(0)⟩2R = c†1,30c
†
2,30|0⟩ (left panel) and |ψ(0)⟩2L = c†2,30c

†
2,31|0⟩ (right

panel) with U= 2 and ϕ = 0.7π: (a) and (b) particle density on each rung nr = ⟨n1,r + n2,r⟩, (c) and (d) vortex angular
momentum L, (e) and (f) dimeric correlator DC1, (g) and (h) dimeric correlator DC2.

of the upper leg |ψ(0)⟩2L = c†2,30c
†
2,31|0⟩, respectively. Here, the subscript R denotes the particles localized at

the same rung (r= 30), while the subscript L refers to the particles localized at adjacent sites on the same leg
(ℓ= 2). The subscript 2 indicates that the system contains two particles, as introduced in the previous
section. The results are shown in figures 5–8.

The combined effects of uniform flux ϕ and on-site interaction U on two-particle quantum walks with
the initial state |ψ(0)⟩2R has been systematically studied [37]. It reveals the reentrant dynamics associated
with the formation, breaking, and reformation of rung-pair states. As shown in figure 5, the results for the
initial states |ψ(0)⟩2R are consistent with the findings in in reference [37]. The results for |ψ(0)⟩2L also
exhibit similar behaviors that a substantial proportion of nr remains localized around the central sites.
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Figure 6. Quantum walks with two-particle initial states |ψ(0)⟩2R = c†1,30c
†
2,30|0⟩ (left panel) and |ψ(0)⟩2L = c†2,30c

†
2,31|0⟩ (right

panel) with U= 2 and ϕ = 0.7π: (a) and (b) participation ratio for the total ladder (PRtot) and for each leg (PR1 and PR2), (c)
and (d) mean square distance (MSD).

Figure 7. Quantum walks with two-particle initial state |ψ(0)⟩2R = c†1,30c
†
2,30|0⟩. The columns correspond to the following

parameter sets: (I) U= 0,ϕ = 0; (II) U= 2,ϕ = 0; (III) U= 0,ϕ = 0.7π; and (IV) U= 2,ϕ = 0.7π. (a) Particle density on
each rung: nr = ⟨n1,r + n2,r⟩. (b) Vortex angular momentum L. (c) and (d) Dimeric correlators DC1(r) and DC2(r). Note that
the color bars for DC1(r) and DC2(r) are shown on a base-2 logarithmic scale.
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Figure 8. Quantum walks with two-particle initial state |ψ(0)⟩2R = c†1,30c
†
2,30|0⟩: (a) inverse participation rate (IPR), (b) mean

square distance.

Similarly, significant proportions of L, DC1 and DC2 are concentrated near the central region, signaling that
the localized particles form vortices oscillating within the central region. In our systems, the formation of
boson pairs give rise to the two-particle dynamics that coexist with the single-particle dynamics [37].
Consequently, both paired and single particles propagate outwards, contributing to the distributions of DC1

and DC2 beyond the central region.
To measure the delocalization, we calculate the PR of each leg in figures 6(a) and (b). The PR decreases

rapidly and then slows down to saturate for both initial states. However, for |ψ(0)⟩2L (figure 6(b)), the PR of
⟨n1,r⟩ and ⟨n2,r⟩ exhibit an alternating oscillation, indicating the particles initially localized on the same leg
oscillating coherently between the two legs during the propagation. This two-particle dynamics is absent for
|ψ(0)⟩2R, presumably because the pairing type favored by |ψ(0)⟩2L differs from the rung-pair observed in
|ψ(0)⟩2R.

Figures 6(c) and (d) shows MSD. For comparison, we plotted the MSD for the classical diffusion
MSD= 2Jt (take the diffusion coefficient D= 1 which is of the same order as J) and the 1D single-particle
quantum walk MSD= 2(Jt)2 [55]. Notably, the MSD of DC1 and DC2 for both two-particle states aligns with
classical diffusion but with sharp fluctuations, indicating that the vortex propagates classically. A more
detailed analysis of this transition will be provided following the discussion of the four-particle quantum
walk results.

In figures 7 and 8, we present the quantum walks across different conditions with the initial states
|ψ(0)⟩2R = c†1,30c

†
2,30|0⟩. As shown in the second column of figure 7 with U= 2,ϕ = 0, the particle pair

induced by the interaction exhibits an effective single-particle behavior, leading to the emergence of a
narrower cone within the density distribution [42]. In the third column of figure 7 with U= 0,ϕ = 0.7π, the
introduction of flux induces the formation of vortices. The oscillation of localized vortices around the central
sites and the ballistic propagation of other vortices can be observed in the density distribution. These results
in figures 7 and 8 show similarities to the four-particle system, therefore more detailed discussions are
deferred to the subsequent subsection on four-particle quantum walks.
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Figure 9. Quantum walks with four-particle initial state |ψ(0)⟩4 = c†1,30c
†
2,30c

†
1,31c

†
2,31|0⟩. The columns correspond to the

following parameter sets: (I) U= 0,ϕ = 0; (II) U= 2,ϕ = 0; (III) U= 0,ϕ = 0.7π; and (IV) U= 2,ϕ = 0.7π. (a) Particle
density on each rung: nr = ⟨n1,r + n2,r⟩. (b) Vortex angular momentum L. (c) and (d) Dimeric correlators DC1(r) and DC2(r).
Note that the color bars for DC1(r) and DC2(r) are shown on a base-2 logarithmic scale.

3.3. Four-particle quantumwalks
In this section, we mainly investigate multi-particle dynamics focusing on the motion of vortices under fixed
flux and on-site interaction. We consider the initial state |ψ(0)⟩4 = c†1,30c

†
2,30c

†
1,31c

†
2,31|0⟩, corresponding to

four particles created at the central plaquette of the ladder (ℓ= 1,2; r= 30,31), with one particle at each site.
The subscript 4 indicates the system contains four particles, consistent with the previous sections. In this
configuration, different types of pairing induced by on-site interactions can coexist. Figure 9 shows the time
evolution of nr , L, DC1 and DC1 under four different conditions. The corresponding density-density
correlation function

Γij = ⟨c†i c
†
j cicj⟩, (15)

are shown in figure 10, where i and j are the site index of the ladder. The index i (or j) is defined with the
rung index r and leg index ℓ as i = 2(r− 1)+ ℓ.

When the flux and interaction are absent, as shown in the first column of figure 9 with U= 0,ϕ = 0, the
particles spread across the lattice independently. The coherent interference of all single-particle paths leads to
ballistic transport with a well-defined wavefront, exhibiting the characteristic density distribution of a
single-particle quantum walk. In this regime, bosons bunch in the propagating wavefront, making the vortex
angular momentum (L) and dimeric correlators (DC1(r) and DC2(r)) prominent within the wavefront.

Upon switching on the interactions, as shown in the second column of figure 9 with U= 2,ϕ = 0, the
fragmentation of the density distribution vanishes, transitioning into a uniform cone shape. The significant
correlations along the diagonals of Γ ij in the second column of figure 10 are signatures of pairing, suggesting
that the particles propagating outwards as a composite unit of multiple particles, and the paired particles can
still interact with the other particles. Consequently, the dimeric correlators (DC1(r) and DC2(r)) emerge in
the central region and become more uniformly distributed. This is one of the situations where the
two-particle quantum walks deviate significantly from the four-particle quantum walks. In the two-particle
quantum walks as shown in figure 7, the pair has not got additional particles to form interactions. As a result,
the particle pair exhibits an effective single-particle behavior, leading to less uniform particle density
distributions compared to the four-particle systems.
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Figure 10. Quantum walks with the four-particle systems with initial state |ψ(0)⟩4 = c†1,30c
†
2,30c

†
1,31c

†
2,31|0⟩. The density-density

correlation function Γij = ⟨c†i c
†
j cicj⟩ at tJ= 12.5 for (I) U= 0,ϕ = 0, (II) U= 2,ϕ = 0, (III) U= 0,ϕ = 0.7π, and (IV)

U= 2,ϕ = 0.7π. The relationship between i (or j) and the rung index r and leg index ℓ is defined as i = 2(r− 1)+ ℓ.

The introduction of flux significantly impacts the behavior of propagating particles. Free particles, which
exhibit ballistic spreading above, begin to circulate upon the application of flux, leading to the formation of
vortices. Specifically, as shown in the third column of figure 9 with U= 0,ϕ = 0.7π, some particles become
localized around the initial sites, while others continue their outward ballistic propagation, albeit becoming
slower after the introduction of flux. In the third column of figure 10, the localized particles exhibit strong
correlations, indicating the formation of vortices and their oscillation around the central sites. The absence
of diagonal elements in the correlation matrix suggests the particle pairings are absent, while the finite
off-diagonal elements arise from the single-particle dynamics, which are slowed down by the flux. This
behavior is consistent with the findings in reference [37] that the ballistic spreading slows down as the flux ϕ
increases from 0 to π for U = 0. The vortex angular momentum (L) and dimeric correlators (DC1(r) and
DC2(r)) patterns remain prominent within the wavefronts of ballistic propagation, with additional central
localized vortices making them distinct at the central sites.

Unusual reentrant behaviors have been observed in the quantum walk of interacting bosons on a flux
ladder arising from the competition between the interaction strength U and the applied flux, which
influences the formation of particle pairs [37]. As shown in the fourth column of figure 9 with
U= 2,ϕ = 0.7π, the particle pairings induced by interaction U lead to a more uniform density distribution,
while notable localization around the central sites caused by the applied flux persists. The emergence of a
vertical fringe pattern in the vortex angular momentum L (figure 9(b)), which is less pronounced in
two-particle systems(figure 7(b)), reveals the formation of periodically spaced vortices within the flux ladder
[21, 37]. We conjecture that these vortices move outward step by step, maintaining fixed periodic spacing in
the expanding region. Although this behavior suggests structured vortex dynamics, a more detailed
investigation is required to clarify the precise movement of individual vortices during this hopping process.
However, the dimeric correlators (DC1(r) and DC2(r)) do not exhibit the same vertical fringe patterns as L,
possibly overshadowed by contributions from the propagation of paired particles.

The IPR shown in figures 11(a). Initially, the IPR increases linearly in all cases. At later times, the IPR for
U= 0,ϕ = 0 decreases as the ballistically spreading particles reach the boundary, whereas the IPR for
U= 2,ϕ = 0 saturates near the maximal delocalization value. Notably, the introduction of interaction
increases the particle delocalization for ϕ= 0, but this effect is not evident for ϕ = 0.7π.

Figure 11(b) shows MSD. Our results indicate that the individual application of flux and interaction
slows down the particle propagation as the MSD of nr becomes significantly smaller than that of the
single-particle quantum walk. Most interestingly, when both flux and interaction are present together
(U= 2,ϕ = 0.7π), the MSD of DC1 and DC2 fits well with classical diffusion, indicating the vortices
propagate in a classical manner. The discussions regarding IPR and MSD also apply to the two-particle
system, although figure 8 shows greater fluctuations for both IPR and MSD.
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Figure 11. Quantum walks with four-particle initial state |ψ(0)⟩4 = c†1,30c
†
2,30c

†
1,31c

†
2,31|0⟩: (a) inverse participation rate (IPR), (b)

mean square distance.

It is known that the decoherence and disorder can lead to classical diffusive behavior in 1D systems
[48, 49]. In our observations, the transition to classical diffusion of vortex propagation, analogous to vortex
creep in superconductors, occurs without the need dephasing terms in this quantum lattice system,
demonstrating that the interplay between flux and interaction alone can induce classical vortex behavior
within this purely quantum-mechanical framework. Furthermore, for quantum walks on a 2D square lattice
with flux, the spreading may exhibit classical diffusive behaviors, with a significant probability of finding the
walker at the origin [47]. In our ladder system, which serves as a transitional case between 1D and 2D
systems, we observe that the MSD for the case of U= 0,ϕ = 0.7π approaches classical diffusion (MSD= 2Jt)
but remains above it, indicating that the transition to classical diffusion is not complete in the individual
application of flux. Moreover, the further application of interaction contributes to the transition that the
MSD fits well with the classical diffusion in the case of U= 2,ϕ = 0.7π where vortices exhibit classical
behavior.

4. Conclusion

In summary, we simulated the quantum walks of classical vortex creep in a lattice model, specifically focusing
on quantum walks initiated from states with one, two, and four particles in an interacting bosonic flux
ladder. By introducing the vortex angular momentum and the dimeric operators, we explored the effective
characterization of the vortex in a quantum lattice model framework. Notably, the dimeric operator may
prove useful in future investigations of dimer models, as it can quantify correlations between different dimer
configurations of the ground state.

In the single-particle systems, we observed the exotic asymmetry, where the propagation is strongly
biased toward one end of the ladder. This asymmetry arises from the specific construction of the initial states
and the choice of the rung gauge. In the two- and four-particle systems, we observed the emergence of
particle pairing upon introducing interactions, leading to composite multi-particle dynamics. Under the
influence of magnetic fields, particles that initially exhibited ballistic transport began to circulate and form
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vortices, slowing their propagation. When both flux and interaction are present simultaneously, the MSD of
these vortices fits adequately well with classical diffusion, indicating that these vortices propagate classically.
This classical vortex behavior emerges purely from the interplay between flux and interaction within a
quantum framework.

Our observations can be experimentally realized with present quantum technologies. Especially, similar
quantum walks on the flux-ladder model have been investigated in an experiment using cold atoms in optical
lattices [13]. Our exploration contributes to the understanding of the classical-quantum correspondence of
vortices, presenting an innovative way to investigate the vortex behaviors. Further extension of our work to
explore the effects of defects and temperature on vortex behavior is expected, which could inform the
development of advanced superconducting applications.
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